Chiral superconductivity is a striking quantum phenomenon in which an unconventional superconductor spontaneously develops an angular momentum and lowers its free energy by eliminating nodes in the gap. It is a topologically non-trivial state and, as such, exhibits distinctive topological modes at surfaces and defects. In this paper we discuss the current theory and experimental results on chiral superconductors, focusing on two of the best-studied systems, Sr 2 RuO 4 , which is thought to be a chiral triplet p-wave superconductor, and UPt 3 , which has two low-temperature superconducting phases (in zero magnetic field), the lower of which is believed to be chiral triplet f-wave. Other systems that may exhibit chiral superconductivity are also discussed. Key signatures of chiral superconductivity are surface currents and chiral Majorana modes, Majorana states in vortex cores, and the possibility of half-flux quantum vortices in the case of triplet pairing.
I. INTRODUCTION A. Overview
Superconductivity has passed through many phases or eras in its history. Starting from its discovery in 1911 1 , there was the long theoretical desert, lasting 46 years, when there was no microscopic theory, which was followed by the golden age of BCS theory 2 when it seemed that everything was worked out 3 . This led to predictions of "anisotropic superfluidity" 4,5 which were later realized in the various superfluid phases of liquid 3 He at milliKelvin temperatures. [6] [7] [8] [9] Still everything seemed understood until the bombshell discovery of high T c in 1985 10 where the new ingredient of strongly correlated electrons opened challenges for theorists and experimentalists which persist to today. More recently the significance of the topological nature of various insulating and superconducting states has led to new insights and to the study of particles, such as Majorana fermions, which were new to condensed matter physics 11, 12 . The potential applications of such particles in the context of quantum computing 13 have raised the stakes for understanding topological superconductors and their excitations which we will address in this short review on the topic of "chiral superconductors."
A chiral superconductor is one in which the phase of the complex superconducting gap function, ∆( k), winds in a clockwise or counter-clockwise sense as k moves about some axis on the Fermi surface of the underlying metal. The simplest example is a k x ± ik y gap function which precesses by ±2π as k follows a closed path enclosing the k z axis. A chiral gap function breaks time reversal symmetry and is degenerate with its time-reversed partner. Chiral superconductivity is a type of topological state, and it carries with it certain signatures of its non-trivial topology. 14 For example, there are localized states at the edge which disperse across the gap for k parallel to the edge and perpendicular to the chiral axis, passing through zero energy for k = 0. 15 These are called Majorana states, and the zero energy state at k = 0 has the Majorana property of being its own antiparticle. Similar physics applies at vortex cores in chiral superconductors which for chiral p-wave exhibit a single Majorana zero mode for the case of spinless fermions. 15 These Majorana modes can be stable to local perturbations, protected by the bulk gap because of its topological nature.
Another striking property is the expected existence of surface currents in chiral supercon-ductors, which are carried both by the edge modes and by the bulk states near the surface which are orthogonal to the edge modes. 16 In the simplest theory of chiral p-wave, these edge currents are substantial, although they would be screened by counter-rotating diamagnetic currents. Since the length scales for the surface currents and the screening currents are different, one would expect to see easily measurable spatially varying magnetic fields near the surface. These edge currents, even without screening, are not topological or quantized, but the edge states and topology of the chiral superconducting state can give rise to a quantized thermal Hall conductance.
15,17,18
For triplet chiral superconductors, such as chiral p-or f-wave, additional novel prop- Most of these materials have strong spin-orbit coupling and are more accurately described as odd-parity, pseudospin-triplet superconductors. However, here we will often drop the pseudo or pseudospin, and simply call them triplet superconductors.
One of the exotic phenomena that can occur in triplet superconductors is half-quantum vortices that carry half the usual superconducting flux quantum. 7, 8, 15 For chiral p-wave, each half-quantum vortex has a single Majorana zero mode in the vortex core, similar to the spinless chiral p-wave case, and the vortex-Majorana mode composites obey non-Abelian braiding statistics. 12 This means that one can move between distinct, topologically stable states by moving such vortices around each other 12 and makes the possible realization of chiral p-wave superconductivity in real materials of interest to the quantum computing community. 13 Half-quantum vortices may have been observed in Sr 2 RuO 4 .
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B. Why would a superconductor be chiral?
The simplest superconductors are s-wave with a single Fermi surface, and the attractive interaction that supports pairing is the electron-phonon interaction. For s-wave, the gap function has the full symmetry of the crystal. When the interaction is repulsive at short distance but overall attractive, Cooper pairing may happen in some higher angular momentum channel in order to avoid the short-range repulsion. The classic example is superfluid 3 He where the interaction is the He-He potential and the Cooper pairs have angular momentum 1 (p-wave). 7, 9 The high-T c cuprates are d-wave, 21 presumably because of the strong on-site
Coulomb repulsion and longer range attractive exchange interactions.
A distinctive property of most non-s-wave pairing is the presence of nodes in the gap. For example, the d x 2 −y 2 gap function in the cuprates has nodes along k x = ±k y . A hypothetical p x superconductor would have nodes along p y and a p x + p y superconductor would have nodes along k x = −k y . Since the condensation energy of a superconductor depends on the gap squared, |∆( k)| 2 , averaged over the Fermi surface, nodes are generically bad for superconductivity. Nevertheless they happen when there is a good fit between a particular type of gap with nodes and the underlying microscopics. Sometimes it happens, however, that two equivalent gap functions are degenerate, for example, p x and p y in a tetragonal crystalline system or in an isotropic liquid like 3 He. In that case, one can form linear combinations such as p x ± ip y whose absolute value squared is isotropic. For a cylindrical Fermi surface, this state is nodeless which optimizes the condensation energy for p-wave.
A similar situation occurs in hexagonal systems where d x 2 −y 2 and d xy are also degenerate.
Of course, the system must choose either + or − in the ±i, thus determining the chirality of the state. This choice is a spontaneous symmetry breaking and the result is a chiral superconductor of the type discussed above. In principle, domains of the two chiralities may coexist at the cost of some interfacial or domain wall energy. An important question, for this system, is whether it is the 1D bands or the 2D bands that primarily stabilize superconductivity or whether all three bands participate roughly equally.
It is believed that multi-band effects are important for understanding the surface currents and in making chirality easier to detect, as will be discussed below. The presence of multiple bands and gaps enriches the possible structure of multi-band chiral superconductors.
C. Plan for this paper
In Section II of this paper we discuss microscopic models which include multiple bands, spin-orbit coupling and pairing into singlet and triplet superconducting states, as well as the formalism and nomenclature used for triplet superconductors. In Section III, we look at 1D and 2D lattice and continuum models with edges and vortices at the level of BogolibovdeGennes (BdG) theory. The focus here is on the zero-energy modes localized at chain ends and in vortex cores and the resulting bands of Majorana edge states that occur in chiral 2D
systems. We discuss why these low-energy states are Majorana modes and how they connect to observables in chiral superconductors, such as surface currents. Half-quantum vortices, which may support Majorana modes in a chiral superconductor, are also discussed in this Section.
The polar Kerr effect, another consequence of chiral symmetry breaking which is proportional to the anomolous quantum Hall conductivity, is discussed in Section IV. In Section V we describe the most important physical properties of Sr 2 RuO 4 and how well they compare to our expectations for a chiral p-wave superconductor. In Section VI we discuss UPt 3 which is a possible chiral f-wave superconductor, while in Section VII other possible chiral superconductors are discussed. In Section VIII we provide some final thoughts on our current state of understanding and the outlook for chiral superconductivity.
II. MICROSCOPIC MODELS FOR CHIRAL SUPERCONDUCTORS
In many materials superconductivity arises from phonons, but in the case of higher angu- 
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UPt 3 is a hexagonal 3D system with six bands crossing the Fermi energy and strong spinorbit coupling. 26 In addition to such more realistic models, a great deal can be learned from simpler model systems such as, for example, a single band of spinless or spin 1 2 fermions in 2D with nearest neighbor chiral p-wave pairing. Here we discuss the BdG Hamiltonian, incorporating all the basic ingredients descried above, which is the starting point of many calculations of the properties of chiral superconductors. We also introduce notation and formalism for triplet pairing that will be useful for later sections of the paper.
A. Mean Field Hamiltonians
We begin by writing the BdG Hamiltonian as H = H 0 + H ∆ , where
and orbitals for each wave vector, k, one may write
where b is a band index and where, as a result of the spin-orbit coupling, ν is a pseudospin index. For systems with both inversion and time-reversal symmetry, ν labels states in a Kramers doublet and b,ν , the quasiparticle energy measured with respect to the chemical potential, is independent of ν.
The pairing part of the Hamiltonian, H ∆ , can be written in this band-pseudospin basis as
Equations (1-3) are widely used as the starting point for theoretical calculations discussed in later sections of this paper. This form of the pairing Hamiltonian includes both intraband (a = b) and interband (a = b) pairing. If one is only interested in the low energy properties of the superconducting state, one can ignore interband pairing provided ∆ 0 << E F . In Sec.
IV we discuss the Kerr effect at optical frequencies where interband pairing effects can be important.
Equation (3) applies equally well to singlet or triplet pairing. However, for the systems we consider, the two are mutually exclusive. Denoting the pseudospin values by + and −, and suppressing k and the band indices, one can write the matrix,∆, in terms of an s-wave gap and a d-vector that describes the triplet order parameter:
where
The singlet case corresponds to d = 0 and the triplet has ∆ s = 0.
Equation (6) B. Simplified Models
The most distinctive features of chiral superconductivity arise even in a simple one-band model. In that case spin-orbit coupling can be ignored, and, for the triplet ESP case, the spin quantization axes can be chosen so that ∆ ↑↓ (i, j) = 0, in which case the problem breaks up into two independent Hamiltonians for ↑↑ and ↓↓ Cooper pairs, each of which is effectively a system of spinless fermions. Then Eqs. (2) and (3) reduce to
where, for the case of chiral p-wave on a square lattice with nearest neighbor hopping and pairing,
The quasiparticle excitation energies are given by
which is fully gapped around the Fermi surface. In more realistic models discussed later, Eqs. (8) and (9) will include further neighbor hopping and pairing. However, except for the possibility of accidental zeros on the Fermi surface, E( k) will remain gapped, although it may be highly anisotropic.
III. PROPERTIES OF MODEL CHIRAL SUPERCONDUCTORS
A. P-Wave Chain
Interesting effects arise when edges and singularities are introduced. We consider the simplest example, a chain of N sites with open boundaries, which we call the p-wave chain and which illustrates how zero energy (Majorana) states result from p-wave pairing. The
Hamiltonian for this model is,
and
This model was discussed in the seminal paper of Kitaev, 27 who analysed it in terms of Majorana operators. Here we will continue using (spinless) fermion operators and notation similar to that used in Ref. (28) for the 2D case.
The BdG Hamiltonian can be written as a 2N × 2N matrix:
whereh t is the coefficient matrix of H t x and∆ is antisymmetric so that∆ T = −∆ * . The fact that∆ is antisymmetric results from the p-wave property that pairing to the left has the opposite sign as pairing to the right, or, equivalently, from the anticommutation of the fermion operators in the pairing terms, Eq. (13) .
T is an eigenfunction of h with energy E, it is easy to see that the BdG
Hamiltonian, h has the property that σ x ψ * = (v * , u * ) T is also an eigenfunction with energy −E, where
and I N is the N × N unit matrix. The effect of the operator, σ x K, where K is complex conjugation, is to turn a particle with energy E into its anti-particle with energy −E.
The spectrum of this chain is easily calculated numerically. For |µ| < 2t and N reasonably large, it is essentially identical to the analog of Eq.(10) for a 1D ring with one important difference. The ring has a gap around zero energy of size 2|∆ sin(k F )| while the chain has two states at essentially zero energy, at the center of the gap. The wave functions of the two "near-zero modes" are linear combinations of states localized near the two ends, with a localization length that scales like t/∆ and energies ±E where E goes to zero exponentially as N ∆/t becomes large. An example, the result of a simple numerical calculation, is shown in Fig. 1 where |u| 2 + |v| 2 for one of the near-zero energy states is plotted for a chain of 100 sites with ∆ = 0.125t and µ = −t. Similar results appear in the literature for closely related 1D models.
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Say that ψ 0 = (u 0 , v 0 ) T is one of the near-zero modes and
is localized at one end of the sample and ψ R = i(ψ 0 − Kσ x ψ 0 )/ √ 2 is localized on the other. Of course, ψ L and ψ R are only energy eigenstates (with E = 0) in the limit of large N. Assuming that N is large, we note that these states have the property that each is its own "antiparticle" in the sense that σ x Kψ L = ψ L and σ x Kψ R = Ψ R .
Given the easily satisfied condition that they are well separated spatially, these are true charge-neutral Majorana zero modes whose properties are topologically protected by the existence of the bulk gap.
B. Edge States and Edge Currents
For 2D systems with edges, the Majorana modes at the chain ends hybridize into bands. but with additional chiral edge modes in the case of higher chirality.
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One can also solve this problem analytically. For example, the continuum limit for one edge, a half-infinite (x < 0) chiral p-wave superconductor, was analyzed by Stone and Roy.
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The chiral edge mode for each spin component has the simple dispersion
where k F is the Fermi wave vector and the sign ∓ is opposite to the chirality of the gap function. For positive chirality, the edge modes with k y > 0 are occupied in the ground state and contribute to a spontaneous equilibrium edge current. The extended states also contribute to this current, cancelling exactly half the contribution from the edge states. Neglecting screening, the total current, which is localized to a coherence length from the edge, is given by
F /2m in the continuum limit and the chirality is chosen as positive. This result is consistent with the prediction of a macroscopic angular momentum of N /2, where N is the total number of electrons. 16, 32, 33 . Eq. (17) can be written in terms of the density, ρ rather than E F to emphasize its coincidence with the topological result expected for a slowly varying density gradient (rather than an abrupt, hard edge boundary condition).
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For a "soft wall" where the density falls to zero very slowly, one finds the total current is I 0 = Ceρ/2m, 15 which coincides with Eq. (17) if the Chern number, C, is +1. The
Chern number is a topological number, an integer given by the winding of the chiral order parameter around the Fermi surface, and is defined as
The sign of the Chern number depends on the chirality and the sign of the charge carriers. In the case of multiple bands, it is defined for each band and the total Chern number is the sum. The simple chiral p-wave case, discussed above and shown in Fig. (2) has Chern number C = ±1.
Eq. (17) can be generalized for an arbitrary band structure in two or three dimensions, using the quasiclassical approximation,
Here v = ∂ /∂ k and the chiral gap function is ∆ x + i∆ y . For the case of a square lattice with only nearest neighbour hopping and pairing, i.e. the model in Sec. II B, this integral
gives the same result as Eq. (17) for any filling of the band if one interprets E F as the chemical potential measured from the bottom of the band for E F < 0 and measured from the top of the band (as is appropriate for holes) for E F > 0. 30 The results of numerical BdG for the simple square lattice model also coincide with this analytic result, even for selfconsistent BdG where one finds ∆ x is suppressed within a coherence length of the surface, an effect which is ignored in the quasiclassical approximation. 30 This may seem surprising, since the edge current itself is not topologically protected and can depend on microscopic details. However, this coincidence can be understood, using spectral flow arguments which apply because of the separability of the x and y degrees of freedom in the nearest neighbour model, as resulting from a combination of the topology and symmetry which require a single chiral edge mode passing through zero energy at k y = 0. 30 For a more realistic bandstructure that includes second neighbour hopping, the current is still given by Eq. (19) but is reduced from that of Eq. (17).
For a hexagonal lattice structure, chiral d-wave may be stable. In the continuum limit, the chiral d-wave gap function can be written as
The Chern number in this case is ±2 and there are two chiral edge modes at each edge. In this case, the chiral edge mode dispersion, given by Eq. (16) for the p-wave case, becomes
In contrast to the chiral p-wave, the edge current vanishes in this case (and, in fact, vanishes for any higher angular momentum chiral superconducting state in the continuum limit)
although it recovers the full topological value of eE F /2π, corresponding to a macroscopic angular momentum of N , for a "soft wall". 31 While the presence of two zero energy modes per edge is protected by topology, the position of these zeros with k y is not protected and there can be spectral flow. 30, 34 Once lattice effects are included, the current can be non-zero but is significantly reduced from the chiral p-wave case. 31 This may be relevant to UPt 3 and other materials thought to be chiral d-or f-wave.
So far the discussion has focussed on simple chiral superconductor models. For more realistic models, the current can differ significantly from Eq. (17) 
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Screening has been neglected in the above discussions. The effect of screening on the chiral p-wave edge current has been calculated in the quasi-classical limit of the continuum model. 39 For parameters appropriate for Sr 2 RuO 4 the maximum magnitude of the local current near the edge is reduced by about a factor of 10 and would give rise to a magnetic field near the edge of the order of 10G. The maximum field at an idealized internal domain wall is 20G. 39 These are the results to which experiments on Sr 2 RuO 4 , discussed in Sec. V, are compared.
C. Vortices
The case of a vortex in a p x ± ip y superconductor and its zero energy Majorana core state has been worked out in detail by Tewari et al. 40 . For a spinless chiral p-wave vortex, there is a single zero energy mode that is a Majorana mode and robust to perturbations. 40 For the usual spinful case, there are two zero-modes corresponding to the two quasiparticle spin states.
Due to this degeneracy, these zero energy states are not as robust as they are in the spinless case. For example, Zeeman coupling shifts these zeros to positive and negative energies for the two spin states. 41 However, the spinful case can support half-quantum vortices (HQVs) with a robust zero energy Majorana mode.
To understand HQVs it is useful to note that an S z = 0 p-wave gap function, ∆(k)ẑ, could equally well be written as
where θ is the U(1) phase and the spin quantization axis is chosen in the xy-plane, with angle φ from the x-axis. Equivalently, if we fix the quantization axis along x (φ=0), then changing In addition to the usual charge supercurrents associated with a regular vortex, which are screened, a HQV, since it is a vortex in only one spin component (or equivalently, since the spin state changes as one goes around the vortex) also has spin currents that are not screened and cost an energy which grows logarithmically with the system size. If one has a very small system size, this may not be a large penalty. 42 A HQV may also be costly in energy if the d-vector is strongly pinned in one-direction due to spin-orbit coupling.
Note that nowhere in the above discussion of HQVs was ∆(k) specified to be chiral. Any ESP state can support HQVs. For a simple chiral (or helical) p-wave state, there is a single robust Majorana zero mode in the HQV core. 40 This follows from the fact that only one spin state is involved in the vortex. HQVs will be discussed further in the Section on Sr 2 RuO 4 .
IV. ANOMALOUS HALL AND POLAR KERR EFFECTS
Broken time reversal symmetry (BTRS) is a defining property of chiral superconductivity and a number of probes are used to detect BTRS in superconductors including muon spin resonance, Josephson tunneling, scanning SQUID or Hall bar probes, and polar Kerr measurements. These will be discussed in the following sections on Sr 2 RuO 4 and UPt 3 .
However, the polar Kerr effect, which is directly related to the anomalous Hall effect, de-serves further discussion here, as it has caused some confusion in the literature, both in connection to Sr 2 RuO 4 as well as to the high T c cuprates, and Kerr effect experiments on these materials have driven some recent theoretical advances in our understanding. See, for example, Refs. 43 and 44, which address earlier misconceptions about the Kerr effect.
In a polar Kerr experiment, linearly polarized light of frequency, ω, normally incident on the sample, is reflected as elliptically polarized light with the polarization axis rotated by the Kerr angle, θ K , which is related to the Hall conductivity:
where n is the complex index of refraction and σ 
where v F is the Fermi velocity, C is the Chern number and ω << ∆ 0 . At high frequencies, this expression is suppressed by a factor of (∆ 0 /ω) 2 . 43 Note that σ H (0, ω), vanishes, as expected for a translationally invariant chiral superconductor. While it would be interesting to probe the q-dependent Hall conductivity in the limit where v F q is comparable to or larger than ω, it is not clear how one could do this. The finite beam size of the incident photons in a polar Kerr experiment does bring in a finite in-plane q, but this effect is too small to be detected.
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Impurities in a chiral superconductor give rise to a Kerr effect, or σ H , although the lowest order Born contribution, of order n I U 2 , where n I is the density of impurities and U their potential, vanishes. The dominant impurity contribution for chiral p-wave is from a type of "skew scattering" and is of order n i U 3 . [47] [48] [49] This contribution vanishes for higher angular momentum pairing, such as chiral d-or f-wave, in the continuum limit. 47 Presumably, order (n I U 2 ) 2 or higher terms would contribute for higher angular momentum pairing.
To date, the anomalous Hall conductivity of possible chiral superconductors has only been measured at high frequencies, a substantial fraction of an eV, through measurements of the Kerr effect. At high frequency the single particle contribution to the anomalous Hall conductivity dominates and σ xy can be written as:
where G 0 is the Greens function in the Nambu representation, ν n , ω n are Bose and Fermi Matsubura frequencies and v i is the i-component of the velocity matrix. For a single band chiral superconductor v i = ∂ (k)/∂k i , multiplying the 2x2 identity matrix. In that case, v i commutes with G 0 and it follows that σ xy = σ yx . In other words, at the single particle level, σ H vanishes for any one-band chiral superconductor.
There are higher order contributions (i.e., vertex corrections) to the anomalous Hall conductivity of a clean one-band chiral superconductor. Yip and Sauls identified a contribution that brings in the flapping mode (oscillations in the direction of the angular momentum vector) for a 3-dimensional chiral p-wave superconductor. 50 In this case, the translational symmetry is broken perpendicular to the surface (whose normal is taken to be parallel to the angular momentum vector of the chiral superconductor). The effect is non-zero if one accounts for the incident photon momentum and the finite coherence length along the photon momentum, and if particle-hole symmetry is broken. This brings in three small factors for a quasi-2d chiral superconductor. However, in a clean chiral superconductor, this contribution, while small, may dominate at frequencies comparable to the gap. In a multi-band chiral superconductor another contribution has been identified which is noticeably larger at frequencies well above the gap.
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For a multi-band or multi-orbital chiral superconductor, Eq. (25) At one vertex, a photon of frequency ν induces an interorbital transition.
intrinsic Hall conductivity. Indeed, there is one type of contribution to σ xy that is not fully symmetric under interchange of x and y. This contribution is shown diagrammatically in Fig. 3 , where a = b are orbital labels. 51 In the band basis, such a contribution requires interband pairing. 51 The contribution shown in Fig. 3 to the imaginary part of σ H , which is the absorptive part, vanishes at zero temperature for frequencies below an electronic energy scale, the smallest energy difference between states on the two different bands at the same momentum. For Sr 2 RuO 4 , this electronic energy scale is t , the hopping matrix element between xz and yz orbitals on neighbouring sites. 52 By contrast, the impurity and flapping mode contributions to Im(σ H ), discussed above, are nonzero for frequencies above 2∆ 0 . However, at high frequencies, well above the gap energy, the multi-band contribution is likely to be the dominant contribution to σ H in a multi-band chiral superconductor in the clean limit.
One should be able to distinguish between an intrinsic and an extrinsic (due to impurities) Kerr effect or anomalous Hall effect by comparing measurements on samples with varying amounts of disorder. If one is in the clean limit, ∆ 0 is not strongly impurity dependent for small changes in impurity concentration, while the predicted σ H changes linearly with impurity concentration. In addition, measurements of the Kerr effect or Hall conductivity at multiple frequencies, should be able to distinguish between different intrinsic effects, such as the multi-band and collective mode effects discussed here. Superconductivity is observed below 1.5K in the best crystals and is strongly disorder dependent as expected for unconventional (non-s-wave) pairing. 64 Early experiments (see below) found evidence for triplet pairing with BTRS. If one takes these experiments at face value and assumes p-wave pairing with broken time-reversal symmetry, then the tetragonal crystal structure with a cylindrical Fermi surface, picks out chiral p-wave pairing with the symmetry of (k x ± ik y )ẑ. The k x , for example, may be a linear combination of sink x , sink x cosk y , sin3k x , etc., depending on whether first, second, or further neighbor pairing is appreciable. Some energetic arguments go into uniquely picking out this pairing symmetry.
First, f-wave is also possible, depending on the microscopic details, but theory for Sr and here we simply highlight some of the developments in the last few years. Superconductivity in Sr 2 RuO 4 is thought to arise from magnetic fluctuations and Coulomb repulsion, although there is evidence that phonons may also play a role. 59, 65 If one includes only on-site interactions, the microscopic, two-dimensional Hamiltonian is
where H 0 is given by Eq. 1. The on-site interactions are
where n ias = c † iaσ c iaσ and U = U − 2J.
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This Hamiltonian has been studied within weak-coupling renormalization group (RG), an exact approach for infinitesimal U and J. Setting J = 0 and neglecting spin-orbit coupling, d-wave superconductivity is favoured on the γ band, but even stronger chiral p-wave superconductivity is favoured on the α and β bands. 67 Including spin-orbit coupling perturbatively, chiral p-wave is stable on all three bands for J = 0 in the weak-coupling limit.
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Functional RG studies of Eqs. (26-27) with non-zero J, found similar results with chiral p-wave on all 3 bands, although the γ band dominated with a substantially larger gap.
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Functional RG is non-perturbative and, consequently, can deal with strong interactions, U and J, (although, in practice, the equations are truncated, which introduces errors). The dominance of the γ band is understood as resulting from its close proximity to the van Hove singularity and finite interactions bringing the proximate van Hove points into play. 68 Scaffidi, Romers and Simon 69 studied the Hamiltonian in Eqs. 26-27, including spin-orbit coupling, as a function of J/U within weak-coupling RG and found the chiral state becomes unstable to helical p-wave order at J/U ≈ 0.065, while d-wave order is found for J/U > 0.3.
The helical state has the symmetry of d = k xx + k yŷ , the 2D analogue of the B phase of superfluid He-3. 7 In the chiral (helical) phase the superconducting gap amplitude is largest (smallest) on the γ band. Close to the transition from chiral to helical (as J/U is varied) the superconducting gap on all three bands is comparable. The relative size of the gap on different bands is still an open question, but fits to specific heat data suggest that the gap is comparable (within a factor of 2 or 3) on all three bands. 70 This is consistent with weak-coupling RG results for either helical or chiral order for a range of J/U in the vicinity of 0.06.
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One key result from the weak-coupling RG calculations is that, within the approximation, the superconducting order is highly anisotropic on all 3 bands, with particularly deep minima on the β band close to the [110] 79 an effect first predicted for the A phase of He-3 but not observed.
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The Knight shift is also constant with temperature for fields along c, 76 This is inconsistent with the chiral state which has S c = 0 and, consequently, the spin susceptibility should be suppressed for fields along c. It has been proposed that the d-vector rotates in a field, as is known to happen in He-3. e.m.u.) 9 In this supplemental section we discuss three possible scenarios for the theoretical interpretation of the HI state: A kinematic spin polarization scenario in a half-quantum vortex state, a -junction scenario, and a "wall vortex" scenario. We argue that the first scenario is more consistent with the magnitude of the observed in-plane field dependence of the HI state, whereas the last two scenarios are not consistent with our observations. 
D. Evidence for Broken Time Reversal Symmetry and Chiral Superconductivity
Early evidence of BTRS in Sr 2 RuO 4 came from µSR experiments that see additional muon spin relaxation below T c . 85, 86 These experiments are roughly consistent with the fields one would expect from a simple chiral p-wave model for internal domain walls separating the two chiralities, with an average linear domain size of ∼10 microns in the ab layers.
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The Kerr effect is another key probe of TRSB. A Kerr angle of about 100 nrads is observed in Sr 2 RuO 4 at a probing frequency of 0.8eV. 87 This might be explained by impurities.
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Alternatively, if it is an intrinsic effect, it is then likely to be due to interband pairing. This has been estimated, with parameters appropriate for Sr 2 RuO 4 , to give rise to a Kerr angle of the same order as the observed angle, provided there is substantial superconductivity on the quasi-1D bands. A d-wave superconductor would display a minimum at zero flux because of the relative π phase shift of the gap function on the two faces and this was observed in the cuprate superconductors. 88 For a chiral p-wave superconductor, one expects zero magnetic flux to be roughly half way in-between a maximum and minimum, because of the π/2 phase shift.
This was was seen for Sr 2 RuO 4 in one corner junction, 78 as shown in Fig. 6 . This effect was not reproduced in any other corner junction, perhaps because of the presence of domain walls. Similar measurements with the junctions applied on opposite faces (e.g. on opposite ac faces) did reproducibly yield the signal expected for a π phase shift, compatible with p-wave pairing. 78 In this case, domains appear not to be a problem. On the other hand, similar measurements on the same face where one would expect to detect no phase shift for any pairing symmetry, or possibly π phase shift for chiral p-wave if there were domains, yielded complex Fraunhoefer-like behavior. 89 It was shown that one could obtain somewhat similar curves with chiral p-wave and domain walls, provided one included band anisotropy and assumed that the domain walls intersected the sample edge at oblique angles. 90 The conclusion of all these Josephson interferometry measurements on Sr 2 RuO 4 is that there are signals of TRSB provided one makes some assumptions about the presence of domain walls.
While there is evidence of edge states from planar tunneling in Sr 2 RuO 4 , 91 , the fields due to edge currents have not been observed. This is perhaps the most striking signature of a chiral p-wave superconductor as it ties directly to the Majorana edge modes, the angular momenta of the Cooper pairs, and the macroscopic angular momentum, N /2, of an ideal chiral p-wave superconducting disc, in the absence of screening. The µSR experiments are interpreted as evidence for these currents at internal domain walls, so one would expect to also see them by scanning a SQUID loop over the ab surface, detecting the fields from any domain walls crossing, or coming within a penetration depth, of the surface, as well as at the edges of the ab surface. Experiments now place an upper bound on these fields that is about 3 orders of magnitude below that expected from the simplest chiral p-wave models.
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As mentioned previously, chiral p-wave models with large gap anisotropy on all 3 bands can reduce the currents by an order of magnitude, and even by 3 orders of magnitude if the edges are sufficiently disordered to be metallic. 30, 35, 38 Another possibility is facetted edges, 36,37 although to give a current which is almost zero would require specific faceting on a length scale of ∼0.1 microns. Even with these possibilities, it is difficult to reconcile the positive µSR signal and the null surface current results with each other, suggesting further experiments and theoretical work to address this issue is required.
As discussed in subsection I B, chiral superconductivity occurs when the dominant order parameter is two-fold degenerate. By compressing the system alongx in a p x ± ip y superconductor, one would expect to split the transition into two, the first at a slightly higher T c into a p x superconducting state (assuming that compressing the system alongx enhances into the ab surface, i.e. tunnelling along the c-axis, address this issue. 70 Only one gap is observed and, since the γ band has almost no dispersion along the c-axis, it is reasonable to assume this is the gap on the α and β bands. These experiments are consistent with either vertical line nodes or near-nodes on the α and β bands and, consequently, are consistent with the weak-coupling RG results. 69 They do not address the anisotropy of the γ band, which impacts most strongly on the magnitude of the chiral edge currents. This is another area where further work is needed.
VI. UPT 3
UPt 3 is a heavy fermion metal which undergoes a double transition from a metal to a non-chiral superconducting state at T c + ≈ 0.53K and to a second superconducting state, thought to be chiral, at T c − ≈ 0.48K. 97 The structure of UPt 3 is hexagonal-close-packed with hexagonal layers of U and Pt ions forming UPt 3 layers which are stacked in an ABAB sequence. Because nearest neighbor pairs of U ions in a layer are each separated by a Pt ion, the U ions are much farther apart than in U metal and conduction between the partially occupied U 5f orbitals proceeds via admixtures of unoccupied Pt orbitals. Since the layers are closely spaced, transport in the c-direction is somewhat larger than in the planes, making this a fully 3D system.
Although its quasiparticles are heavy and the low temperature specific heat very large, the resistivity of UPt 3 decreases monotonically with decreasing temperature, unlike most heavy fermion metals, and so at low temperatures it can be thought of as a Fermi liquid with strong electron-electron interactions. 97 The fact that large extremely perfect crystals of UPt 3
can be grown has made it possible to determine by de Haas van Alphen measurements [98] [99] [100] details of its complex Fermi surface that consists of several complicated sheets, as can be seen in Fig. 7 .
Band structure calculations show that these multiple sheets arise from a group of 5 or 6 bands crossing the Fermi energy. 26 The bands are composed of U 5f orbitals hybridized with Pt orbitals. Strong spin-orbit coupling splits these bands into j=5/2 and 7/2, with the latter raised to higher energy, so that the bands crossing the Fermi energy are predominantly
Kramer's doublets of j=5/2 states, of which there are six because of the two U ions per unit cell. In the superconducting state, all of these Fermi surfaces must be gapped.
The symmetry of the superconducting gap has been the subject of extensive theoretical discussion. Experiments now point to a so-called E 2u symmetry gap function involving . This model captures most of the features of our data using the temperature dependences assumed in Fig. 1 ,
2 (Fig. 4B) . This shows that we can observe not just the presence or absence of a gap but also the angular dependence of the gap magnitude. In particular, there is a strong signature of the lowtemperature component even at angles well away from the node (20) .
The Pb electrodes and indium contact pads are also visible. (Inset) A portion of the crystal face with several junctions defined on its surface. All electrical contacts to the crystal were made on the as-grown face, which has a surface normal tilted approximately 3°out of the basal plane. (B) A scanning electron microscopic image of sample 2. The bright region in the upper portion of the image is the as-grown crystal surface. The slightly darker junctions can be seen on top of the crystal, separated by the dark lines cut by the FIB. excitations that are observed in low-temperature transport.
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Evidence for broken time-reversal symmetry was first seen in µSR experiments of Luke et al. 104 , who observed an onset of internal fields which broadened the zero field µSR resonance at the lower transition. However their results were disputed after measurements by Dalmas de Réotier et al. 105 who saw no additional broadening at T c in what were stated to be much higher quality samples. In principle, internal magnetic fields should only appear in a chiral superconductor due to spontaneous currents that are generated at chiral domain boundries and crystal defects and surfaces, as has been discussed above for the case of Sr 2 RuO 4 .
One interpretation of the two contradictory µSR results is that chiral superconductivity • out of the basal plane, which might be enough to account for the non-zero critical current. In any case, it is remarkabe that the critical current would exhibit four-fold symmetry in these nearly perfect hexagonal crystals.
Since experiments suggest that, unlike Sr 2 RuO 4 , UPt 3 crystals form a single chiral domain, it would be interesting to look for surface fields due to edge currents. These currents are expected to be suppressed compared to simple chiral p-wave because of the higher angular momentum. 31 The small Fermi velocities in UPt 3 further suppress the current. However, the above experiments are consistent with an isotropic gap in the ab or k a -k b plane and the samples are ultra-pure, two positive conditions, in addition to being a single domain, for observable edge currents. [118] [119] [120] Given the purity of the samples, it is thought the Kerr effect is likely intrinsic, perhaps resulting from the inter-band pairing mechanism. 117 It has been suggested that the pairing mechanism may be quite novel. 115, 117 The unusual nature of the hidden order state from which superconductivity condenses, together with a variety of other anomalous properties of this heavy fermion material, makes understanding the microscopic mechanism of superconductivity a particularly challenging problem and many open questions remain.
Another interesting system is the water doped colbaltates, Na x CoO 2 · yH 2 O, which have a superconducting dome near x = 0.3, y = 1.3 with a maximum T c of 4.5K. 121 This is a layered material and the cobalt ions sit on a triangular lattice with oxygen in-between. This material is thought of as triangular lattice version of the high T c cuprates. The hexagonal crystal structure and the fact that NMR points to singlet pairing, makes chiral d-wave superconductivity a possibility. In fact, a combined dynamical mean field and RG approach finds an anisotropic chiral d-wave state is stabilized over a range of doping, by a combination of multi-orbital effects, Fermi surface topology and magnetic fluctuations. 122 The chiral d-wave order found is highly anisotropic with near-nodes, which is consistent with experiments.
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However, perhaps because of materials issues, many experiments have yet to be done on this material. In particular, we are not aware of experiments which find direct evidence of BTRS. Given the theoretical work, µSR and polar Kerr experiments to look for possible BTRS would be of great interest.
One of the most interesting proposals for chiral superconductivity is in doped graphene.
This is a theoretical proposal since superconductivity has not been observed in graphene.
However, an RG analysis predicted chiral d-wave superconductivity might be stabilized by repulsive interactions when single layer graphene is doped. 123 At either 3/8 or 5/8 filling (undoped graphene is at 1/2 filling), the Fermi surface has perfect nesting (neglecting further neighbor hopping) and the density of states is logarithmically divergent due to the Fermi surface coinciding with the van Hove points at these fillings. Consequently the effect of interactions is strongly enhanced and, if superconductivity is the strongest instability, they find chiral d-wave is favoured. 123 Other theoretical work also suggests looking for chiral superconductivity in systems with a honeycomb lattice structure close to a Mott insulating phase.
124,125
Finally, we mention that the examples discussed here of materials which have been proposed as possible chiral superconductors do not exhaust the possibilities. In addition to other superconducting compounds that have shown some evidence of TRSB, one might also be able to stabilize chiral superconductivity or superfluidity in cold atom systems or by doping a topological insulator. 126 Furthermore, hybrid systems of topological insulators combined with an s-wave superconductor can behave analogously to a chiral superconductor through the proximity effect and this is currently an active field of study.
127

VIII. FINAL THOUGHTS
Volovik has described the wealth of phenomena associated with chiral p-wave triplet superconductivity in a neutral superfluid as "The Universe in a Helium Droplet." 128 Much of this rich complexity is the result of both chiral symmetry breaking and also the extra degrees of freedom associated with a spin triplet order parameter, which lead to phenomena such as spontaneous surface currents, Majorana fermions, half-quantum and other exotic vortices, and a variety of collective modes and textures. The chiral superconductors discussed in this paper have the important additional elements of electric charge and charged currents, along with possibly interesting multi-orbital and spin-orbit effects which we are only beginning to understand.
Modern nanofabrication techniques allow us to probe and manipulate chiral superconductors and to incorporate them into devices. For example, it has been proposed 130 that
Majoranas might be induced at the ends of a quantum wire proximity-coupled to the surface of a chiral p-wave superconductor. This would be a very interesting experiment to try with 
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